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Coordinate Transformation and Truncation for Rotating
Spacecraft with Flexible Appendages

Peter Likins* and Yoshiaki Ohkamit
University of California, Los Angeles, Calif.

The analytical structures of alternative coordinate transformations for the variables that characterize the
deformations of finite element models of flexible appendages on rotating spacecraft are examined here. Par-
ticular emphasis is given to the truncation operations that are essential for efficient numerical simulations of
flexible spacecraft, due to the necessarily large number of coordinates employed in a finite element description.
Certain of the coordinate transformations in the literature require matrix inversions to obtain explicit trans-
formed equations of the desired uncoupled form, and these inversions significantly complicate the truncation
process. While mathematical rigor demands that the inversions be performed and the explicit uncoupled form
obtained before truncation, computational limitations require that, in practice, truncation of the transformation
matrix be accomplished prior to inversion, necessitating, in these cases, the adoption of a pseudo-inverse. The
central new contribution of this paper is a theorem which establishes necessary and sufficient conditions for the
commutativity of the required truncation and inversion operations. The application of this theorem jeopardizes
the utility of two of the four previously published transformation procedures considered here. The recom-
mended alternative for the rotating elastic appendage is a complex transformation with previously published or-
thogonality properties, which permit the derivation in this paper of a relatively simple explicit set of transformed
and truncated equations of modal vibration in real variables.

Introduction

E is now commonplace in dynamic simulation practice
) characterize spacecraft with flexible appendages in terms

of hybrid coordinates, consisting of discrete coordinates for
rigid bodies in the system and distributed or modal coor-
dinates for the flexible appendages. The selection of mode
shapes and frequencies associated with the modal coordinates
is usually accomplished by adopting a finite element model of
the appendage and writing equations of motion for the small
vibrations of the appendage with respect to a base which has a
nominally constant (perhaps zero) inertial angular velocity;
the eigenvectors of these equations then provide the mode
shapes and the eigenvalues provide the natural frequencies of
appendage vibration. This information is used in various
ways to construct a transformation matrix which transforms
the hundreds, or even thousands, of discrete nodal coor-
dinates of the finite element model into distributed coor-
dinates; these then are reduced in number by a process of
coordinate truncation, which sacrifices mathematical rigor
for computational feasibility (hopefully without doing vi-
olence to the salient features of the mathematical model). The
transformed and truncated equations of appendage vibrations
are then combined with translational and rotational equations
of the total vehicle and equations which characterize the con-
trol system, to obtain a set of ordinary differential equations
for numerical integration in spacecraft simulation. This paper
addresses an aspect of the truncation problem which arises in
the case of modal analysis of an elastic appendage on a
rotating base.

We will critically examine four previously published alter-
native transformation procedures, three of which involve the
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inversion of a matrix. Whereas mathematical arguments
demand that this matrix be inverted prior to truncation, prac-
tical considerations demand that truncation precede inversion
(which then may require a pseudo-inverse). We will establish
necessary and sufficient conditions for tfae commutativity of
matrix truncation and inversion to define the formal limits of
these procedures. We will conclude with a recommendation
for the selection of a previously published coordinate trans-
formation for elastic appendages on rotating bodies, and a
detailed representation of the real, first-order equations which
emerge from the recommended complex transformation.

As already shown,1 the equations of small vibration of a
finite element model of a flexible appendage on a rigid
rotating base have the structure

Mq+Dq + Gq+Kq+Aq=F (1)
where for an appendage with n nodes q is the 6n x 1 matrix of
small translational and rotational deformations relative to a
nominal (deformed) state, the matrices M, D, and K are sym-
metric, and the matrices G and A are skew-symmetric, with
M positive definite and hence nonsingular. These equations
are applicable whether the appendage mass is concentrated in-
to rigid nodal bodies2 or also distributed over the finite
elements of the model.1 The matrix F in Eq. (1) holds the
vibration forcing functions, which include deviations of the
base motion from a state of steady spin, but the coefficient
matrices in Eq. (1) also depend on the inertial angular velocity
of the base. If, and only if, this velocity experiences onl;
small deviations from a nominal constant can these coef-
ficient matrices be treated formally (after linearization) as
constants, and in this case the matrix A also disappears for
realistic idealizations of the appendage.3 In most engineering
applications, the damping matrix D is also ignored for the
purposes of coordinate transformation (modal analysis) un-
der investigation in this paper. This seems to be an acceptable
engineering practice as long as all energy dissipation is at-
tributable to distributed structural damping rather than
discrete energy absorbers, such as fluid dashpots in the
system.
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Of course, Eq. (1) is of a form which has much wider ap-
plicability than that cited here. As may be established from
any text on analytical dynamics (see for example,
Whittaker4) this is the form of the equations of small
vibration of any discretized mechanical system, and, in par-
ticular, this is the form of the linearized equations of the total
spacecraft, not only of a flexible appendage on a rotating
body. The emphasis here on a particular application is a
reflection of the practical motivation of this study, but the
mathematical results are applicable to any process charac-
ter ized by Eq. (1).

In practical applications the dimension of q often numbers
in the hundreds, or even thousands, and this generally
precludes the direct incorporation of this equation into a
simulation of a rotating system, such as a spacecraft. Instead
one must transform the nodal displacement variables q into
distributed or modal coordinates and then somehow justify
the deletion of most of the variables by coordinate truncation.
The usual procedure is to seek a transformation that, in some
sense, uncouples the new vibration coordinates from each
other in the homogeneous counterpart to Eq. (1). The in-
dependence of these coordinates permits their individual con-
sideration as candidates for truncation or retention in the
reduced-dimension equations of appendage vibration. In the
next two sections, such transformations are presented and
evaluated in the light of a commutativity theorem to be
developed.

Transformations for Damped Rotating Appendages

For the most general problem of small-deformation flexible
appendages on a base rotating at constant nominal speed, the
coefficient matrices in Eq. (1) are all constant but nonzero,
and for the desired coordinate transformation one must
rewrite Eq. (1) in terms of the state variables in the \2n x 1
matrix

as

where

and

Q=BQ+L

U6n

-M-*(G+D)

0

M-'F

(3)

(4)

(5)

As is well known, the homogeneous counterpart to Eq. (3) has
the general solution

(6)

for some 12/zxl constant matrix Q0, where the columns
$/,..,<3>72A? of $ are the system eigenvectors, assumed here to
be linearly independent^ and A is the diagonal matrix of
corresponding eigenvalues X/, . . . , X /2 /7, so that eAt is the
diagonal matrix of scalars exif,... ,ex/2/?'. Thus

\B-\jU12n\=0 j=l,...,1
and

(7)

(8)

JThe validity of this assumption is assured if the eigenvalues are
distinct5; if the eigenvectors are dependent, the solution contains
powers of t, implying at least for the (undamped) case with D=A = 0
an unacceptable instability (see Ref. 2, p. 43).

If now <£' and A' similarly contain the eigenvectors and
eigenvalues of the adjoint equation

then

so that

& =BTQ'

\BT-\'j U12n\=0 j=l,...,

(9)

and thus

-A; U12n\=0 j =

A ' = A (10)

In parallel with Eq. (8) we have, after noting the diagonality
of A ' and the commutativity of matrix inversion and trans-
position

In conjunction with Eqs. (10) and (8), this implies

so that, in conformity with the more general result in Wilkin-
son,6

for some 12/z x 12/7 diagonal matrix £ which depends upon the
normalization of $ and $'.

Substitution of the transformation

Q = $Y (12)

into Eq. (3) and premultiplication by $~7 produces, in view of
Eq. (8), the desired homogeneously uncoupled equations

(13)

The calculation of $~7 in Eq. (13) can be avoided with the
substitution of Eq. (11), with the result

(14)

but this option requires the calculation of the adjoint system
eigenvectors in $'.

As noted previously, practical considerations mandate the
truncation of the transformed coordinates, so that the I2n
x 1 matrix Y must, in some sense, be replaced by the trun-
cated matrix Y, with dimensions identified here as 2Nxl.
(Typically N is of dimension between 1 and 20.) If the matrix
F in Eq. (1) were wholly independent§ of q, then no
mathematical compromise would be involved in the isolation
for further consideration of 2N of the 12/7 scalar equations
represented by Eqs. (13) and (14), since each set of \2n
equations would then be uncoupled. We could accomplish this
isolation by selecting 27Vrows of either of the matrix Eqs. (13)
or (14); if we use an overbar to distinguish a truncated matrix
we can record the truncated equations as

and
Y=A

(15)

(16)

§In hybrid coordinate dynamic analysis, this hypothesis may be
compromised by the fact that Eq. (1) provides only a subset of the
system equations.
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In Eq. (15) the matrix ($~ 7 ) consists of the first 2N rows
of 3>~7 , but for systems of typical dimension it is not feasible
to calculate all of the hundreds or even thousands of eigen-
vectors which comprise $, and neither $ nor $~7 is available.
To circumvent this problem, it was proposed earlier2 that Eq.
(15) be replaced by

where

Y=K

3>t=(<f> r <I>) - 7 <f> r

(17)

is a pseudo-inverse of the \2n x 2Nmatrix 4>, which can be ob-
tained by calculating only the 2N eigenvectors comprising the
columns of 4>, without even computing all of the elements of
$. Equations (17) and (15) are equivalent only if the inversion
and truncation of $ are commutative operations.

Conditions for Commutativity of
Truncation and Inversion

Our central purpose is to develop and apply the com-
mutativity criteria required to test the equivalance of alter-
native forms of truncated, transformed equations of ap-
pendage vibration, as illustrated previously by the comparison
of Eqs. (15) and (17), and as required also for the evaluation
of other transformations to be considered subsequently.

In what follows, we will first establish a theorem providing
the required commutativity conditions, and then use this
result to test alternative transformation procedures ap-
plicable, firstly, to the general problem of damped, rotating,
finite element models, and, secondly, to undamped (elastic),
rotating, finite element models. Explicit results in the form of
real equations are provided in the latter case.

Theorem: For any nonsingular square matrix m partitioned
as

a \ b

c \ d

where a and d are square, the condition

is necessary and sufficient for the equivalence

where m is the column partition of m defined by

m =

(18)

(19)

(20)

(21) >

and where (m~}) is the uppermost row-partition of
m~! having the dimensions of mT. Here m^ designates the
pseudo-inverse

m1 (22)

Proof: See Appendix A.
Corollary: For any nonsingular square matrix m par-

titioned as

m =
L cl-\d1 J

where a} has dimension^ x r forp> r, the condition

(23)

is necessary and sufficient for the equivalence

where m is the column partition of m defined by

(25)

(26)

and where rfr\ and ( ra~ 7 ) are as defined following Eq. (21).
Proof: See Appendix B.

Application of Commutativity Theorem to $

Comparison of Eqs. (2) and (6) indicates that the columns
of $ must have the structure

(27)

If \a is a solution of Eq. (7), so also must be its complex con-
jugate X* (since B is real), and corresponding eigenvectors
must also appear in conjugate pairs. With the (physically im-
perative) assumption that conjugate modes are together either
truncated or retained, one can partition $ as follows

0. ! 0* I 0

</>X ! 0*X* ! <£X

where, in comparison with Eq. (23)

0* (28)

! 0*]

d,= [fa \ < * ]

Imposition of the commutativity condition corollary in Eq.
(24) requires that

= 0

which is equivalent to the combination

and

or in scalar terms (with no summation convention implied)

and

(29)

(30)

The quantities in parentheses in_Eqs. (29) and (30) cannot
both be zero unless both Xa and X^ are real and their product
is minus one. If this intolerable constraint is rejected, the
commutativity condition for this truncation becomes

(24) = 0 and (31)
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If the eigenvectors are written in terms of real and imaginary
parts, with the symbol definitions

and </> = $ + iy (32)

then Eqs. (3 1) are equivalent to the real equations

}T = 0 (33a)

yTy = 0 (33b)

}Ty = 0 (33c)

yTjs = 0 (33d)

The orthogonality conditions in Eq. (32) then become
necessary and sufficient for the commutativity of truncation
and inversion. These conditions are quite stringent, but they
can be circumvented in special cases, as shown in the
following argument.

The partitioning of $ indicated in Eq. (28) is not obligatory,
nor is the choice of the definition of Q in Eq. (2). For an ap-
pendage with appropriate symmetry properties it may be ad-
vantageous to replace Eq. (2) by

(34)

in which qi,...,q3n and q3n + ly...,q6n are coordinates defining
parallel motions of appendage nodes located symmetrically
with respect to a central rigid body. For this special case the
appendage mode shapes will be either symmetric with respect
to the central body or antisymmetric. If one wishes to truncate
the symmetric modes (as would be appropriate for a
spacecraft attitude control simulation), then instead of the
partitioning in Eq. (28), we could write the transformation
matrix 3> of eigenvectors as

A \ S

-A ! S
(35)

where the left column partitions (comprising 4>) contain the
antisymmetric modes and the right column partitions contain
the symmetric modes. Now after identification of Eqs. (35)
and (18) we find that our commutativity condition in Eq. (19)
becomes

ATS-ATS = 0

so that reversal of the sequence of inversion and truncation
operations on i> is correct, and the equivalents of Eq. (15) and
(16) are identical.

For the more general case, however, Eqs. (15) and (16) are
not identical, since Eqs. (33) are not satisfied. Since we can-
not, in practice, hope to obtain $ as required by Eq. (15), and
we have no sound argument for the adoption of Eq. (17), we
must rely upon Eq. (16), despite the implied necessity of com-
puting 27V of the adjoint system eigenvectors.

In the next section we will consider the important special
case of the rotating elastic appendage with no explicit
damping, to seek out simplifications stemming from the ab-
sence of D and A in the appendage vibration Eq. (1).

Real Transformation for Rotating
Elastic Appendages

When Eq. (1) is replaced by

(36)

the system eigenvalues for a stable system become imaginary
and may be designated in conjugate pairs as ±iva for

a = l,...,6/z. The corresponding eigenvectors are, however,
generally complex, suggesting the designations

and (j)a = \l/a + iya (37)

for the matrices $" and </>a appearing in Eq. (27). In these
terms, Eq. (27) implies

and (38)

The eigenproblem associated with Eq. (36) is treated in the
classical literature (see Whittaker,4 pp. 427-429) and com-
putational aspects of the problem are receiving much at-
tention in the current literature (see, for example Refs. 7-10).
In this paper we examine alternative transformations from the
literature to assess them for the desired property of trun-
cation-inversion commutativity,

If, in Eq. (36), we have F=0, we can without contradiction
substitute

q = \I/Z + yo~1z (39a)

q=-yoz+\I/z (39b)

q=—yaz + \l/z (39c)

to obtain

or

Mi/£+ ( -Myo+G^ + Kyo-1 )z + ( -Gya+K\I/)z = 0 (40)

A homogeneous solution of Eq. (36) is

qh = (ta+iya)eiffa' (41)
which when substituted yields

(42a)

or

and
- My01 a2

a + Gta va + Kya = 0 (42b)

and Eqs. (42a) and (42b) considered for a = 1 ,....,6/2 imply

0 (43a)

0 (43b)

Thus, with Eq. (43b), Eq. (40) reduces to

which, after premultiplication by ̂ r, becomes

and with \I/T times Eq. (43a) this is

or with nonsingular

(44)
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This same result arises if Eq. (39b) is equated to the derivative
of Eq. (39a), so that contradiction is avoided. The trans-
formations in Eq. (39) are not acceptable in the
inhomogeneous case of Eq. (36) of primary interest here,
however, because these transformations directly imply Eq.
(44). Instead Eq. (36) must in the inhomogeneous case be writ-
ten in first-order form, perhaps as in Eq. (3). In this case one
can accomplish the desired transformation to uncoupled
(pairs of) scalar equations with the real transformation

where

e=pz

}!/ ' y

- ya \ \l/a

(45)

(46)

and P~; exists if the eigenvectors of the system are in-
dependent, as required for stability in this undamped case.
Substituting Eq. (45) into Eq. (3) with D=A=Q and
premultiplyingbyP"7 produces

Z =
0

-a \ 0'
Z+P~]L (47)

as may be confirmed by considering the homogeneous case
and defining for this case

Z =

Equation (47) offers an advantage over Eq. (13) and (14) in
that the latter involve complex numbers in Y, A, $>, and $'.
The inversion of P in Eq. (47) becomes particularly critical
when (as required for practical structural dynamics) this in-
version is either to be followed by, or to precede, coordinate
truncation. We must once again face the critical question
raised in this paper, "Are truncation and inversion com-
mutative?" More explicitly, we must determine whether or
not the truncation of Eq. (47) to

0
Z= -----— Z+(P-J)L

-a\ 0 (48)

provides the same result as would be obtained by substituting

(49)

into Eq. (3) wiihD=A =0 and premultiplying by

to obtain

Z=
0

— a
(50)

This issue was not confronted in Ref. 2, where an affirmative
answer was presumed^ The presumed equivalence of Eqs. (49)
and (50) requires for its validity that

0 \ a

-a \ 0
and

(51)

(52)

Equation (51) is proved in an appendix of the referenced
report that underlies Ref. 1, but the validity of Eq. (52) had
not been examined previously.

To apply the commutativity conditions in Eq. (24) to this
transformation we must rearrange the columns of P shown in
Eq. (46) so as to collect those to be preserved in the left par-
tition. If Eq. (46) is written as

f ;. ; (53)
— ya\ — ya \ \[/a \ \f/a

then the desired truncated transformation matrix is

-yd
(54)

so that to apply our commutativity theorem we must start
with the transformation matrix

(55)
ya \

rather than with P. In terms of the interchange operator V
defined by Eq. (A5) in Appendix A, we have

P=PV (56)

so that P differs from P only in the sequence of the trans-
formed scalar equations it produces.

Now the commutativity test in Eq. (24) requires that

! 7! + [-
or

;&=0 (57a)

\j/^y — ay^^/a==0 (57b)

yT\js—a\l/Tya = 0 (57c)

y ^y ~H o\j/ \{/a—0 (57d)

Equations (57a) and (57d) combine to provide

and Eqs. (57b) and (57c) provide

\j/Ty-a2\l/Tya2=0

Satisfaction of Eqs. (57) thus requires either the orthogonality
conditions in Eqs. (33), or the unacceptable constraint

tf<M = l (58)
Thus, the computationally attractive option of using Eq.

(50) is not generally equivalent to the computationally in-
feasible option of using Eq. (48), although the latter bears a
more formal mathematical relationship to the exact Eq. (47).

Complex Transformation for Rotating
Elastic Appendages

In what follows we examine a different transformation of
the rotating, elastic appendage vibration equations [Eq.
(36)], to circumvent the inversion/truncation problems that
jeopardize the options represented by Eqs. (50) and (17) as
practical truncated versions of the transformed Eqs. (48) and
(13), respectively.

As an alternative to the first-order form in Eq. (3), one can
write Eq. (36) in the first-order form

aQ + &Q = £ (59)
where

K ! 0

0 ! M

0 ! -K

K \ G

0~

so that
= a and (60)
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Equations (59) and (3) are equivalent equations written in
terms of the same state variable Q\ they have the same eigen-
values Xa and eigenvectors $", a = 1,..., 12n, so that

(61)

and, with the application to Eq. (59) of the same trans-
formation Q — $Yapplied previously to Eq. (3), we find

K \ 0 "I A f 0 ! -K
_ _ _ _ _ _ _ _ _ eg* _ _ _ _ _ _ _ _ _ _ _ _

0 ! M J L * ! £

This result can be premultiplied by the transposed conjugate
of <£, and the result premultiplied by ($* rd$) ~l, to obtain

Meirovitch10 has established the orthogonality condition

$P*Ta $a=0 for Xa ;* X^ (63)

so that for a system with distinct eigenvalues the matrix $*T

(i <f> is diagonal. Equation (61) then provides

so that

and Eq. (62) becomes

(65)

Again the matrices in Eq. (65) must be truncated to be
useful, and we must establish the commutativity of inversion
and truncation for $*r (i <£. With the customary partitioning
of $, however, this diagonal matrix becomes

so that the commutativity condition in Eq. (24) is trivially
satisfied. Thus, we can, for practical computations, replace
Eq. (65) with the truncated approximation

Y-KY+ ($*ra $) -7<l*r£ (66)

The most useful conclusion of this study is the observation
that the truncated Eq. (66) bears a relationship to the exact
Eq. (65) that is not jeopardized by truncation/inversion com-
mutativity constraints, although these constraints do jeopar-
dize the utility of the alternatives represented by Eqs. (50) and
(17). The apparent disadvantage of Eq. (66) lies in the fact
that the quantities Y", A, and l> are complex. Equation (66)
can, of course, be written in terms of its real and imaginary
parts, and with the judicious use of orthogonality relation-
ships the resulting equations can be greatly simplified.
Because of the practical utility of the results, we construct in
the following section the real equations implied by Eq. (66).

Real Modal Vibration Equations for
Rotating Elastic Appendages

Because the matrix B in Eq. (3) is real, the eigenvalues
^•••X/2,? appear in complex conjugate pairs, and the
corresponding pairs of eigenvectors are also complex con-
jugates. In the truncation operation, physical considerations
require that all conjugate pairs be together either retained or
rejected. It then becomes possible to group these pairs in such
a way that, after truncation, Eq. (12) is replaced by

(67a)

n

and Eq. (66) becomes, with the imaginary eigenvalues

(67b)

-WN

YN

bN*
A/r

(68)
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and since (£r = (2 we have

Thus, the second set of N equations in Eq. (68) consists of
equations conjugate to the first set, and we are left with the
desired set of N first-order complex scalar equations typified
by

(69)

There remains the task of restating Eq. (69) as a pair of real
equations, in terms of the variables in

Y = £ +1 r? (70)a Sex ' ."a \ **/

and the matrices ^a and Ya defined by Eq. (37). By virtue of
the orthogonality conditions in Ref. 10

so that Eq. (69) becomes

which implies the real equations

and

(71)

(72)

(73a)

(73b)

Equations (73) can be simplified by normalizing the eigen-
vectors so that

a = 1/2 (73c)

Further simplification is afforded by the realization that,
with Eq. (67b), Eq. (27) becomes

i°a(ta+iy")
which with Eq. (37) in turn implies

In view of these equations and the definition of £ after Eq.
(59), we can rewrite Eqs. (73) as the scalar equations

£a=-*a'?«-<Vya F <* = !,...,

and

or as the NX I matrix equations

and

(74a)

(74b)

(74c)

(74d)

It now becomes possible to return to Eqs. (2) and (67) and
establish the relationship between the real quantities q, q, £,

and 17 as follows:
N

Q= ~ \= E
L Q -1

 a = l

a=/

uaY 'la

or in equivalent matrix terms

and

so that

(75a)

(75b)

(75c)

In comparing these results with Eq. (4$) and (46), we see that
with the interpretation

Z =

we have in Eq. (75) obtained again the real transformation
presented in Eq. (45), but instead of the truncated trans-
formed equations with the troublesome inverse in Eq. (48) we
have the much simpler results in Eq. (74).

Conclusions
We have established necessary and sufficient conditions for

the commutativity of matrix inversion and truncation, and
applied these criteria to both the most general problem of con-
stantly rotating discretized flexible appendages and to the
special case of the constantly rotating discretized elastic ap-
pendage with no energy dissipation. Specifically, we have
identified in Eqs. (13, 14, 47, and 65) four transformed ver-
sions of the given Eq. (1) or its special case in Eq. (36), and in
each case the truncated subset of the transformed equations
has been tested for equivalence to an alternative version in
which truncation precedes matrix inversion. This test is ac-
complished by testing the transformation matrix for com-
mutativity of inversion and truncation.

In the most general case the commutativity condition
presents a serious obstacle to computation, since the com-
putationally attractive Eq. (17) is not equivalent to the for-
mally truncated version of Eq. (14). We are obliged to adopt
Eq. (16) as the truncated approximation of the exact Eq. (13),
and this choice requires the computation of as many adjoint
system eigenvectors as we choose to retain after truncation.
Modern computational algorithms in the most general case do
not yet permit convergence on preselected subsets of the eigen-
values (such as those of lowest frequency) although this is
possible in an increasing range of special cases. For the most
general case with present algorithms, we would be obliged to
calculate all eigenvalues but only the selected 2N eigenvectors
of the adjoint system.

For the special case of the undamped, rotating, elastic ap-
pendage one can use a certain transformation from the
literature10 with impunity, while another published trans-
formation is jeopardized in its validity by its failure to meet
the commutativity condition. More specifically, for the
special case of the rotating elastic appendage, commutativity
conditions fail to justify the adoption of the computationally



1664 P. LIKINS AND Y. OHKAMI AIAA JOURNAL

attractive Eq. (50) as a truncated approximation of the real
Eq. (47), and to meet the commutativity test we must accept
instead the complex transformation leading to Eq. (66) as an
approximation of the exact Eq. (65). Because of the practical
utility of Eq. (66), it is expanded here in real terms,
culminating in Eq. (74).

The commutativity conditions developed here as Eqs. (19)
and (24) are, of course, applicable to other matrices than
those considered here, and they may prove to be useful in the
evaluation of other transformations than those examined in
this paper.

Appendix A. Proof of Commutativity Theorem
Assume initially that a and d in Eq. (18) are nonsingular.

Then11

(a-bd-Jc) -1 ! -a-1b(d-ca~1b) ~

-d-1c(a-bd~1c) ~] \ (d-ca~}b) ~]

and

while

r ^ l [ « r i c r ] [ 7 J J " [ * r i < - r ]
-Tc}-'[aT \CT]

As necessary and sufficient conditions for Eq. (20) we have

(aTa + cTc) ~IaT= (a-bd~!c) ~J (Al)

and

) ~IcT = ~a-1b(d-ca~1b) ~] (A2)

Premultiplying Eq. (Al) by (aTa + cTc) and postmultiplying
Eq. (Al)by (a-bd'1^ yields

a7 (a-bd~!c) =aaT + cTc

or

or

aTbd

(A3)

Similarly, from Eq. (A2)

cT(d-ca-]b)

or

aTb + cTd=0 (A4)

Satisfaction of Eq. (19) is sufficient for Eq. (A3) and both
necessary and sufficient for Eq. (A4), so that the theorem is
proved for the special case of nonsingular partitions a and d.

If a and/or d in the given partitioning of m is singular, the
theorem can be proved in a manner to be developed here ex-
plicitly only for singular a and nonsingular d.

Let a be a singular rxr matrix, and let m be of dimension
sxs. Since m is nonsingular, the truncated matrix m has r in-
dependent columns, and at least r independent rows. Con-
sequently, one can always interchange rows of m to obtain a
nonsingular upper rxr row partition, to be called a0. The in-

terchanging operation can be accomplished formally by
premultiplying by a symmetric matrix V typified for the in-
terchange of a single pair of rows by12

Uf !
0 \

0 1

0 !

o :

0 !

0 !

0 !

1
0 !

0
0

Uj
0

0

! 0
\ 1

\ o
I 0
1
1

! 0 ~

\ o
\ o
I
! Uk

(A5)

in which Up is the unit matrix of dimension pxp for any p,
and the isolated scalar 1 appears in the row numbers of m
which are interchanged by Vm. If several pairs of rows are to
be interchanged in m, the corresponding rows of V are
modified according to the pattern just shown. Note that Fis a
kind of elementary matrix, equal to its own inverse, so that
VV= Ur. Now by definition

Vm =

and both a0 and d0 are nonsingular. Thus, the preceding
proof established that

0 = 0

is necessary and sufficient for

(A6)

(A7)

However,

[ ( V m ) } - \ = [ V m ] - \ = [ ( V m ) T ( V m ) ]

= [mTVTVm] ~1mTV= (mTm) -1mT

and

* (Vm)

so that Eq. (A7) is equivalent to

(A8)

Since postmultiplication by V merely interchanges columns,
this result leads to Eq. (20).

Moreover, with the proper partitioning of V we find

! V12

\ v22

a \

c !

Hence

aT
0b0 + cT

0d0 = ( Vna+V12c)T(Vnb+V12d)

+ ( V2]a+ V22c)T(V21b+V22d) =aTVT
n Vub

With the identities

V12=0 VT
22V21=0
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we then have

(A9)

Thus, the theorem is proved when a is singular by the com-
bination of Eqs. (A6-A9). Similar operations accommodate
the case when d is singular, or when d and a are both singular,
completing the general proof of the stated theorem.

Appendix B. Proof of Commutativity Corollary
Define a as the uppermost r x r partition of al. Comparison

of Eqs. (18) and (23) then permits the identification of some
submatrices a2 and b2 such that

a

a2

c—
L / J

Now

Hence, by Eq. (Bl), Eq. (24) implies Eq. (19), which is
necessary and sufficient for the validity of Eqs. (20) and (25),
proving the corollary.
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